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ABSTRACT 



We investigate whether the eternal chaotic inflation can be achieved when the 
weak gravity conjecture is taken into account. We show that even the assisted 
chaotic inflation with potential or m^0^ can not be eternal. The effec- 
tive field theory description for the inflaton field breaks down before inflation 
reaches the eternal regime. We also find that the total number of e-folds is 
still bounded by the inflationary entropy for the assisted inflation. 



Inflation [1-3] is the leading theoretical paradigm for understanding the early universe 
and the origin of the primordial perturbations. In the new version of inflation, inflaton may 
begin either in the false vacuum, or in an unstable state at the top of the effective potential. 
Then the inflaton fleld slowly rolls down to the minimum of its effective potential. This 
picture relies on an application of low-energy effective fleld theory to inflation. 

An interesting phenomenon in inflationary scenario is eternal inflation. There are 
actually two kinds of eternal inflation. One is driven by the quasi-exponential expansion of 
the meta-stable vacua themselves. In our paper, we focus on the other version called slow- 
roll eternal inflation [4,5]. In this scenario, during the period of inflation, the evolution 
of the inflaton fleld (f) is influenced by quantum fluctuations, which can be pictured as 
a random walk of the fleld with a step 5(f) ~ iJ/27r on a horizon scale (Hubble scale 
H~^) per Hubble time At ~ [6]. During the same epoch, the variation of the 

classical homogeneous inflaton fleld rolling down its potential is A0 ~ |0| ■ H~^. If the 
classical evolution is smaller than the quantum fluctuations, the role played by fluctuations 
becomes significant and the infiaton field climbs up its potential rather than rolls down its 
potential in some spacetime regions. This leads to an eternal process of self-reproduction 
of the universe. See the recent reviews in [7,8]. 

Since superstring theory lives in ten dimensions, the six spatial dimensions must be 
compactified in order to understand the four- dimensional physics in the observed universe. 
Recent development on the fiux compactification [9-11] suggests a vast number of at least 
semi-classically self-consistent meta-stable vacua. However not all of the meta-stable 
vacua are really self-consistent. The vast series of semi-classically consistent effective field 
theories which are actually inconsistent are called swampland [12]. The series of really self- 
consistent vacua, called landscape^ is surrounded by the swampland. Usually the Planck 
scale Mp is taken as a naturally UV cutoff for the effective field theory. But the effective 
field theory can break down even in the region with low curvature. In [13], the authors 
suggest a new criterion which distinguishes parts of the swampland from the landscape. 
A simple observation is that "gravity is the weakest force" and an intrinsic UV cutoff 
for the U(l) gauge theory is obtained in four dimensions. Recently the author of [14] 
proposed to study inflation under a version of the weak gravity conjecture, namely, 

A < X^I^Mp (1) 

for theory. This conjecture offers a stringent constraint on inflation model [14]. Some 
related works on the weak gravity conjecture are discussed in [15]. 

Unfortunately we still cannot pick out a unique vacuum in string theory and its seems 
that a huge number of meta-stable vacua in the string landscape are available. Once 
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eternal inflation takes place, inflation can never end globally. A huge number of vacua 
in the landscape will be populated even if we start from a definite vacuum. The eternal 
inflation provides a natural arena for applying the anthropic principle. Different parts of 
spacetime is characterized by different effective values of physical constants. In this case, 
some constants of nature can only be predicted by anthropic reasoning, and some occur 
by pure chance. So the key problem for the eternal inflation is to work out the measure 
for it [16]. If eternal inflation really happens in the early universe, maybe it is not good 
news for us because there is no definite prediction of string theory. 

One possibility to invalidate the anthropic reasoning is that eternal inflation itself is in 
the swampland, not in the landscape. One example was shown in [17] where the slow-roll 
brane inflation in the warped background is not eternal. The single-field chaotic inflation 
is in the swampland, but the assisted chaotic inflation still survives [14]. In this short 
note, we will investigate whether the assisted chaotic inflation can be eternal or not. 

Assisted inflation was proposed and discussed in detail in [18]. Consider n inflaton 
fields (pi {i = l,...,n) with the same potential V{(j)i), and there is no coupling among 
different inflaton fields. In the spatial flat FRW universe, the equations of motion read 

^^-^gQ^^ + m)), (2) 

+ 3i70, = z = l,...,rz. (3) 

d(pi 

There is a unique late-time attractor where all the inflatons are equal: 0i = 02 = ••• = 
0„ = 0. It is convenient to adopt the slow-roll parameters for the assisted inflation as 
follows: 

H H 

e,^--, and ^H--^, (4) 

where the dot denotes the derivative with respect to t. When en and \riH\ <^ 1, the 
inflatons slowly roll down their potential and the equations of motion are simplified to be 

_ nV-(0) 

3H<p = (6) 

Using the slow-roll equations of motion and eq. (jll), we find 

1 iM'/dV/dlY 

eH = -ev = — 7r\ T/ • U 
n n 2 \ V J 

The factor 1/n helps to achieve the slow-roll conditions for the case with steep potential 
for single inflaton field if the number of the inflatons is sufficiently large. One of the 
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advantages of the definition of the slow-roll parameters (jl]) is that the amplitude of the 
density perturbations can be expressed as 

Oh ^ — " 



P \/^H 

which is the same as the result in [18]. This formulation is available for the single-field 
inflation and the assisted inflation. 

Generically the quantum fluctuation of a scalar fleld in de Sitter space can be modeled 
by a Gaussian random walk with step size 

,9) 

in one Hubble time [6]. During the same epoch, the classical variation of one inflaton 
fleld is 

\dVld4>\ few 



A0 = 101 ■ = '—L-p ~ JJLm,. (10) 
3_H^ V n 

Now the amplitude of the density perturbations ([8]) becomes 

Eternal inflation happens when the quantum fluctuation of the energy density ^(0i)] 
dominates over its classical variation A[X]iLi ^(0i)]- Since the quantum fluctuation of 
each inflation has uncorrelated Gaussian distribution, the quantum fluctuation of the en- 
ergy density takes the form 5[I]r=i — \/n{dV/d(f))6(f). The classical variation of the 
energy density is the sum of each inflaton's contribution: A[X]"=i V{(pi)] = n{dV/d(p)A(p. 
So the eternal assisted inflation happens when 

> A^, (12) 



n 

which implies the amplitude of the density perturbations is greater than 1. 

In slow-roll inflation the Hubble parameter H is roughly a constant and the number 
of the degrees of freedom inside Hubble horizon is bounded by de Sitter entropy [19] 

(13) 

The rate of the change of entropy per e-folding is given by 

dS dS -H 



dN Hdt GH^ 
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Integrating over the above equation, we get 

Nt^t = JdNr^ J 5jjdS < JdS = AS, (15) 

where the total number of non-eternal inflationary e-folds Nt^t is bounded by the variation 
of the entropy during the inflation. Here we use 6h < ^ for the non-eternal inflation. This 
result is valid not only for the single-field inflation, but also for the assisted inflation. 
In [20] the authors conclude that the total number of e-folds for the single-field inflation 
is bounded by the de Sitter entropy at the end of inflation Send- Here it is worthy to 
emphasize that in fact the bound on the total number of e-folds is the variation of the 
entropy during the inflation, which is more stringent than [20] . For the large field inflation, 
the inflationary entropy at the beginning is much smaller than that at the end, and then 
AS = Send ~ Sinitial ~ Send- But AS* ^ Send for the Small field eternal infiation. 

From now on we focus on a concrete infiation model: chaotic inflation with potential 

V{^.) = \m^\ + )\4>\- (16) 

The weak gravity conjecture says that the gravity is the weakest force. When A ^ 0, 
the intrinsic UV cutoff in ([1]) goes to zero and this field theory breaks down. First we 
consider the case in which the potential is dominated by A0^. For A0^ assisted infiation, 
the condition of the eternal infiation (fT2l) reads 



^>%. or > 0^ = n-V3^-V6M, (17) 

where H ~ \/ri\(j?/Mp. 

We also know that the amplitude of the quantum fiuctuations for the infiaton is H/2tt 
on the Hubble scale [21] and thus each infiaton field fiuctuation provides a gradient 
energy density {d^S(j))^ ~ {5(f)/ H~^Y ~ H'^. Therefore the total gradient energy density 
of the fiuctuations of the infiatons is 

n{d,5c^fr^nH'^^(±V{ct>,)\ (18) 

which should be smaller than the total energy density of the infiatons I]r=i other- 
wise, the infiation is shut off. So we have nYJi=i ^(0i) = ?^^A0^/4 < M^, or equivalently 

<j)<<j)G = n-^/^X-^'^Mp. (19) 

The eternal assisted chaotic inflation happens only when 

0E<0G, or, n<\-^/\ (20) 
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For the perturbative theory, the couphng constant A is smaller than 1 and n < X 
can be easily satisfied. 

On the other hand, there is also a constraint from the weak gravity conjecture [14]. 
Recalling the arguments in [14], the Hubble parameter is the IR cutoff for the effective 
field theory and the UV cutoff ([1]) should be larger than the IR cutoff: 



4 



p 



<H'<A'r^ am;, (21) 



or equivalently 

<P<(l)yy = n-^'^Mp. (22) 

This result is also valid when the mass term ^m^cj)'^ dominates. For the single-field chaotic 
infiation (n = 1), </> < Mp and the slow- roll parameter en = -j' ( '^^y'^'^ ) = > 1, 
implying that the single-field chaotic infiation cannot be achieved in the landscape. For 
the assisted chaotic inflation, = — rf > -7= which can be smafler than 1 if the number 

' n4> vn 

of the infiaton fields is sufficiently large. That is why the assisted chaotic infiation still 
survives. Weak gravity conjecture brings a constraint on the eternal assisted infiation as 
follows 

(j)E < 4>w-, or, n > A~^. (23) 

The inequalities in fl20|) and fl23l) are compatible with each other only when A > 1 and 
n < 1 which contradicts with our starting point. The constraint coming from the weak 
gravity conjecture is really stringent and even the assisted X(j)^ chaotic infiation cannot 
be eternal. 

Here it is also interesting for us to consider the constraint from the observed CMB 
data. Taking into account the amplitude of the scalar perturbation spectrum, there is 
only one free parameter. The amplitude of the density perturbations 6h corresponding 
to CMB is given by 

A _2 1 6(P _ nX-2(j)lQ 

Oh,cmb - T—j=l^ ~ T^^T 77Z y^^! 

5 A/ra A0 2^^ ■ v3 ■ Svr ■ 

where 06o is the value of the infiaton evaluated at 60 e-folds before the end of infiation. 
The number of e-folds TV before the end of infiation is 



/■tend r4'md H H f't'N V Tl ^ 

N = Hdt= ^d(f) = / -^TTT^d(j) ~ -T7^(j)l, (25) 



or equivalently (pN = ^JSN/nMp. Now eq. (12^ becomes 

or, A = 4.3 X lO~%^cMBn. (26) 



}H,CMB 
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Substituting the above constraint into eq. (l20l) . we have 

n < 13 ■ b2i\iB- (27) 
The COBE normahzation is 5h,cmb = 1-9 x 10"^ and thus 

n < 1.9 X 10^ (28) 

An upper bound on the number of the inflaton fields is obtained for the eternal A</)^ 
infiation if the gradient energy density is not significant to violate infiation. On the other 
hand, if we take into consideration the constraint coming from the weak gravity conjecture 
(j23|), we find 

n > 1.8 X 10^ ■ 5h%\ib = 3-5 x 10^ (29) 

We see that the above two inequalities (128|) and ( l29l) cannot be satisfied at the same timeE 

We also briefly consider the case with the potential dominated by the mass term. One 
possible realization of this inflation model in string theory is proposed in [22]. Now the 
Hubble parameter is given hj H = y/nrrKp/Mp and the condition for the eternal inflation 
becomes 

> 0^ = n-'" ( ^ ) Mp. (30) 

Requiring that the gradient energy density is smaller than the total energy density of the 
inflatons yields nYJi^irn?(j)f /2 = n^rn?(j)^/2 < M^, or 

(f)<(f)G = n~'^. (31) 
m 

The eternal inflation happens only if 

(j)E < (j)G, or, n<^. (32) 

m 

Combining with the constraint for the eternal inflation from the weak gravity conjecture 
(122|) . we have (pE < 4>w which implies a lower bound on the number of the inflatons 

u>(M.)\ (33) 

Naturally the mass of the inflaton fleld should be smaller than the Planck scale and then 
eq. ( 132|) contradicts with eq. (l33l) . In this case, the assisted chaotic inflation is not eternal 
as well. 



^We have ignored some numerical coefficients in tlic equations (PO)) . (|23p . (pS)) and If we recover 
these coefficients, the contradictions become more serious and eternal inflation is impossible. 
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To summarize, the chaotic inflation cannot be eternal if we take the weak gravity 
conjecture into account; or equivalently, the eternal chaotic inflation is in the swampland. 
Here we want to remind the reader that the weak gravity conjecture [14] is still a conjecture 
and its validity is uncertain. Usually people rely on the eternal inflation to provide a 
natural mechanism to populate the vast number of the meta-stable vacua in the string 
landscape. If the eternal inflation really happened, it seems that the anthropic selection 
is called for and we will lose the power to make characteristic predictions from the string 
theory. However so far there is not an eternal inflation model really realized in string 
theory. We believe that the reason for the absence of the predictions of the string theory 
is that we do not understand string theory well enough. Some key ideas are missing. 
Maybe the weak gravity conjecture is just one of those key ideas. 
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